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Segregation and pattern formation is investigated for binary mixtures of granular magnetic spheres in a
vertically vibrated monolayer. The spheres, all of equal mass and size, have a maximum surface magnetic field
B induced by encased cylindrical magnetic cores of lengthl. For binary mixtures of particles with equall but
different B, we find that the particles spontaneously segregate when driven. For fixed vibration frequency, the
segregation rate increases roughly linearly with driving acceleration over the amplitudes investigated. For
systems of fixed particle number density, the rate of segregation also decreases as the volume fraction of
“strong” (high B) particles increases. We find that segregation also occurs in binary mixtures of particles with
equalB, but differentl. Finally, using a simple model of spheres with dipolar and higher magnetic moments,
we show that the observed segregation phenomena occur in conjunction with a decrease in magnetic energy.
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I. INTRODUCTION

Segregation in binary mixtures of excited granular mate-
rial is a widely observed phenomenon[1]. Segregation due
to differences in size[2–4], shape[5,6], density, and particle
surface properties[3] has been observed to occur under vari-
ous circumstances. In particular, there is significant current
interest in the segregation and mixing of wet granular mix-
tures as an example of segregation among mutually attractive
particles[3,4]. In granular systems, the addition of attractive
forces between particles has been observed to both cause and
prevent segregation under different circumstances[3]. Re-
cent observations have also been made on pattern formation
in systems of dry magnetic spheres, as an investigation of an
anisotropically attractive granular material[7,8]. Blair and
Kudrolli [8] found that, in a vertically vibrated two-
dimensional (2D) mixture of magnetic and nonmagnetic
granular spheres, the magnetic spheres can self-organize and
cluster, depending on the volume fraction of magnetic par-
ticles and on the relative strength of the magnetic dipole-
dipole interaction to the external vibration amplitude. In our
earlier work[7], we showed that the shape of the magnetic
field also influences into what pattern the beads self-
assemble.

Pattern formation in other two-dimensional systems of di-
polar particles has been investigated using many experimen-
tal and theoretical approaches[9]. Patterns have been ob-
served experimentally in micrometer- to millimeter-sized
magnetic particles suspended on the surface of a liquid
[10–13], in a magnetic fluid containing nonmagnetic par-
ticles [12,14], at the atomic scale in thin magnetic films[15],
and in Monte Carlo simulations of dipolar hard spheres

[13,16–18]. Studies of biological systems also suggest that
dipole-dipole interactions between proteins may play an im-
portant role in such phenomena as microtubule formation
[19] and pattern formation in a lipid monolayer[20]. In ad-
dition to the previous work on vertically vibrated magnetic
granular spheres[7,8], several groups have investigated ver-
tically vibrated monolayers of unmagnetized granular par-
ticles [21–23]. However, the behavior of binary systems of
granular matter that differs only in the shape or strength of
the interaction potential, to our knowledge, has not been in-
vestigated. We present evidence that systems of vertically
vibrated magnetic spheres of equal mass, size, and surface
properties can segregate due only to differences in the par-
ticles’ magnetic field strengths. We also show that magnetic
spheres of equal magnetic field strength can segregate due
only to differences in the field shape.

II. EXPERIMENTAL SETUP

The magnetic particles used were cylindrical permanent
magnets securely encased in spherical hard plastic shells.
Particles were constructed to have differently colored north-
ern and southern hemispheres so that dipole orientations
could be discerned. Figure 1 is a schematic of our magnetic
particles. We investigate particles encasing magnetic cores of
three types which we call “weak,” “strong,” and “long” mag-
nets. The properties of all particles are shown in Table I. The
weak particles have nearly identical shape, size, and mass as
the strong particles, with the only relevant differing property
being their relative magnetic strengths(measured as the
maximum magnetic field on the surface of an isolated
sphere). The strong and long particles have comparable mag-
netic strengths and are nearly identical in shape, size, and
mass, with the only relevant differing property being their
magnetic core shapes, i.e., their magnetic field shapes. The
strong and weak magnets were encapsulated with nonmag-
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netic filler of appropriate size and mass so that the magnets
were centrally located and the finished particles were identi-
cal in mass.

A horizontal cylindrical container with a diameter 17.5
times a particle diameter and a height of 1.7 particle diam-
eters was constructed with a Delrin bottom and a rigid trans-
parent acrylic top(for imaging). A mixture of two types of
particles was placed in the container so that the particles
were well mixed, i.e., there were relatively small numbers of
like-particle contacts. The system was then sinusoidally vi-
brated vertically at 30 Hz using an electromagnetic shaker.
The use of vertical vibration as a means of inputting random
energy into our granular system allows for our results to be
compared qualitatively with earlier work on vertically vi-
brated magnetic granular systems[7,8]. The maximum
strength of the magnetic field from the shaker at the inner
container surface was 23.1 G at zero acceleration amplitude,
although at typical acceleration amplitudes the rms magnetic
field strength was of order 1 G. No noticeable effect due to
any external magnetic field from the shaker was observed.
The acceleration amplitudea was varied from 4g to 10g
(whereg is the acceleration of gravity) and was measured
using an accelerometer. The system was imaged from above
at a rate of 1 Hz with a 128031024 pixel color camera.

III. RESULTS

As an example of the observed patterns, Fig. 2(a) shows
the mixed initial state of 88 weak and 23 strong particles.
The initial state was made to have a low number of like-
particle contacts. Figure 2(b) is the final state of the system
in Fig. 2(a) after being shaken at 9.0g for 300 s. The final
configuration[Fig. 2(b)] is highly segregated, with all strong
blue/green(dark/dark in gray scale) particles in two dense
clumps, and the weak white/yellow(light/light in gray scale)
particles forming a loose, branching network pattern. The
evolution of this system as shown in Figs. 2(a) and 2(b)
indicates that systems of otherwise identical magnetic

spheres can segregate due solely to differences in magnetic
field strength.

A mixed initial state of 51 strong blue/green, and 59 long
yellow/green(light/dark in gray scale) particles is shown in
Fig. 3(a). After 300 s of excitation at 9.6g, the system
evolves into the configuration shown in Fig. 3(b). The final
state[Fig. 3(b)] is well segregated, with the strong particles
having a tendency toward hexagonal-close packed(hcp)
clumps, and the long particles in long unbranched chains.
The strong particles roughly tend toward hcp clumps while
the long particles form long, unbranching chains as a conse-
quence of their differences in magnetic field shape, as has
been remarked upon earlier in a study of pattern formation in
monodisperse 2D systems of magnetic spheres[7]. As evi-
denced in Figs. 3(a) and 3(b), systems of otherwise identical
magnetic spheres can segregate due solely to differences in
magnetic field shape.

For further analysis, we track the positions, 3D dipole
orientations, and particle types of all particles during our
experiments. To quantitify the segregation in each system,
we designed a program that finds all particle-particle con-
tacts in every image. The program identifies particles as “in
contact” if the centers of the particles are within 9/8 particle
diameters of each other. We tested different cutoff values and
found that our results do not qualitatively depend on the
cutoff. We then define a segregation parameter for each im-
age,

S=
CAA

CAA + CAB
+

CBB

CBB + CAB
, s1d

whereCij is the total number of “contacts” between particles
of type i and particles of typej in the image(A and B are
particle type labels). This segregation measure has the ad-
vantages of symmetry under interchange of particle type and
equal weighting of the segregation of each particle type. 0
øSø2, andS=1, on average, for random mixtures of all
mixture ratios.

FIG. 1. (Color online) A gen-
eral schematic of the magnetic
particles used, together with a
qualitative illustration of their re-
spective magnetic field lines(ob-
tained usingVIZIMAG software).

TABLE I. Particle properties.

Particle name Colors(north/south) Mass(g) Strength(kG)a l (cm) Magnet material

Weak White/yellow 5.39±0.11 0.22±0.03 0.52 Ceramic

Strong Blue/green 5.37±0.11 0.60±0.08 0.51 Nd-Fe-B

Long Yellow/green 5.30±0.23 0.54±0.09 1.42 Ceramic

aMeasured as the maximum surface field on an isolated particle.

STAMBAUGH et al. PHYSICAL REVIEW E 70, 031304(2004)

031304-2



That S=1 for random mixtures of all mixture ratios, can
be seen by examining the probabilities of contacts of each
type:

pij =5
Ni

Ni + Nj − 1
, i Þ j ,

Ni − 1

Ni + Nj − 1
, i = j , 6 s2d

wherepij is the probability that a contact associated with a
particle of typei is with a particle of typej , andNi is the
total number of particles of typei in a system. So, on
average,

Cij = kNipij , s3d

wherek is the mean number of contacts per particle; hence,
S=1.

Figure 4(a) is a plot ofS versus time for a single trial of
the 88 weak/23 strong system shown in Fig. 2.S increases
from an initial value 0.86 to a final value 1.48, indicating that
the system began in a state which wassupermixed(since we
intentionally placed unlike beads next to each other), i.e.,
more mixed than a random mixturesS,1d and evolved into
a segregated statesS.1d. Figure 4(b) is a plot of S versus
time for a single trial of the 51 stong/59 long system in Fig.
3. S increases from an initial value 0.88 to a final value 1.39,
again indicating that the system evolved from a mixed state
to a segregated state. While trials with similar particle mix-
tures and acceleration amplitudes but differing initial condi-
tions showed similar qualitative long time segregation be-
havior, the short time behavior ofS versus time varied
significantly in different trials.

To compare the degree of segregation of different systems
after 300 s, we define a parameterSf as the mean ofS over

FIG. 2. (Color online) (a) The mixed initial state of a system of
88 weak (white/yellow, light/light in gray scale) and 23 strong
(blue/green, dark/dark in gray scale) particles.(b) The final segre-
gated state of the 88 weak and 23 strong particles after being shaken
at 9.0g for 300 s. Note that there are two dense clumps of the strong
particles, while the weak particles form a loose network pattern.

FIG. 3. (Color online) (a) The mixed initial state of a system of
51 strong(blue/green, dark/dark in gray scale) and 59 long(yellow/
green, light/dark in gray scale) particles.(b) The final state of the 51
strong and 59 weak particles after being shaken at 9.6g for 300 s.
Note that the strong particles are largely in clusters and segregated
from the long particles, which form long unbranching chains.
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the final 20 s of a 300-s-long experiment. Figure 5(a) is a
plot of Sf versus the strong particle fraction for strong/weak
systems of 111 particles driven at 9.0g (error bars are shown
as one standard deviation ofS, calculated over the final 20 s
of a single experiment). Sf decreases as the fraction of strong
particles is increased. Figure 5(b) is a plot of Sf versus ac-
celerationa/g for a system of 67 weak and 44 strong par-
ticles (filled circles) and a system of 67 strong and 44 long

particles(filled triangles). Sf increases roughly linearly with
acceleration for both systems. Also, note that, in Fig. 5(b),
there are several data points whereSf ,1, indicating that,
after 300 s, the systems were supermixed. This is not an
indication that the systems prefer a supermixed state, rather,
it is due both to the fact that the systems began in a super-
mixed state and to the particles’ lack of mobility. The par-
ticles’ lack of mobility at low accelerations is likely because
the average input(driving) energy is less than the magnetic
particle-particle interaction energy. In no case, for any of our
systems, have we observed a significant, nontransient de-
crease inS in time.

IV. ENERGETIC CONSIDERATIONS

To gain insight into the cause of the observed segregation,
we numerically examined a model of impenetrable spherical
particles of diameterD containing four magnetic charges of
equal magnitude ±q, separated by distancesh and w s0
øh,wøDd, such that the charges are at the corners of a
rectangle, as shown in Fig. 6(a). We varyq with h so that the
dipole moment 2qh is constant. This model is a generalized
version of the two-charge model used previously[7,20]; it
reduces to the two-charge model in the limit ofw/D→0. It
can also be reduced to a two-point-dipole model in the limit
of of h/D→0, and a single, centrally located point dipole
model if h/D→0 andw/D→0.

By considering our cylindrical magnets as two uniformly
charged disks of opposite sign, but equal total charge mag-
nitude, we can then attempt to match magnetic moments of
our model particles to our real particles. Using our simple
two-parameter model, we match the magnetic moments of
our real and model particles up to the octopole moment. The
weak and strong particles, having similar shaped cores, are
both modeled with two parallel point dipoles separated by a
distancew=0.31D, as shown in Fig. 6(b). The point dipoles
are approximated usingh=0.01D for both the weak and
strong particles, withq=11.5 andq=34.5, respectively, to
account for the difference in magnetic strength. The long
particles are modeled with two opposite point charges of
magnitude 2.0, separated by a distance of 0.69D, as shown in
Fig. 6(c).

Using our experimental particle type, position, and orien-
tation data extracted from the images, we use our model to

FIG. 4. (a) The segregationS versus time for the system of 88
weak and 23 strong particles shown in Fig. 2. Note thatS increases
significantly over time, and it is greater than 1(theS of a randomly
mixed system) at the end of the experiment.(b) S versus time for
the system of 51 strong and 59 long particles shown in Fig. 3. Note
that S again increases significantly over time, and it is greater than
1 at the end of the experiment.

FIG. 5. (a) Sf versus the strong particle mixture fraction for
strong/weak systems of 111 particles accelerated at 9.0g. Note that
Sf decreases as the number of strong particles in the mixture in-
creases.(b) Sf versus accelerationa/g for systems of 111 particles.
Mixtures of 44 strong and 67 weak particles are shown as filled
circles, while mixtures of 67 strong and 44 long particles are shown
as filled triangles. Note that, for both mixtures,Sf increases roughly
linearly with acceleration.

FIG. 6. (a) A schematic of our general magnetic particle model.
(b) For the weak and strong particles, the model in(a) reduces to a
two-point-dipole model, with the dipoles separated by a distance
w=0.31D, whereD is the particle diameter.(c) For the long par-
ticles, the model in(a) reduces to a two-charge model, with the
charges separated by a distanceh=0.69D.
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approximate the total magnetostatic energy of our systems
for every frame. We use the usual Coulomb energy formula
Uij =qiqj /Rij , and sum over all inter-particle pairs of charges
(excluding the energy of pairs of charges within the same
particle) to obtain the energy of our experimentally observed
patterns of particles,Uex. As a reference, we use the mag-
netic energy of a randomly mixed state of the same spatial
and orientational structure, which we obtain by taking the
particle tracking data from the experiment, and interchanging
the particle types of randomly chosen particle pairs(keeping
the particle locations and dipole orientations fixed). The
magnetic energy was then recalculated. This randomization
and calculation process was repeated 11 times and the mean
magnetic energy of the randomized systemUr was calculated
for each frame. After 11 randomizations, the time average of
the standard deviation of the randomized magnetic energy
was 5% ofUr.

In Fig. 7(a), we have plottedUex (filled cirles) versus time
for the system of 88 weak and 23 strong particles shown in
Fig. 2. Ur (open circles) is also plotted in Fig. 7(a). The
standard deviation ofUr is essentially constant in time at ±5,
approximately. Note thatUex decreases over time, whileUr is
roughly constant; alsoUexøUr for all time. The noticeable
decrease ofUex below Ur over time indicates that the de-

crease inUex is not an artifact of indiscriminate pattern for-
mation, but rather a part of the segregation phenomenon.
Figure 7(b) is a plot of Uex−Ur versus time. Note thatUex
−Ur decreases steadily after the first few seconds. The out-
lying points in Figs. 7(a) and 7(b) are due to errors in particle
position and orientation extraction, where false particles
were detected or orientations were improperly extracted.
While the observed segregation patterns tend toward states
of low magnetostatic energy, it is not expecteda priori that a
driven dissipative system would arrange into a globally mini-
mal magnetostatic energy state over long times. Rather, the
observed patterns can be understood as nonequilibrium
steady states.

V. CONCLUSION

Our results show that otherwise identical systems of mag-
netized granular particles can segregate due only to differ-
ences in their magnetic fields. Vertically vibrated monolayers
of magnetic spheres can segregate both by field strength and
by field shape. In binary systems of particles with differing
field strength, and all other properties identical, the segrega-
tion increases with the proportion of weaker particles, and it
also increases approximately linearly with acceleration over
the acceleration range studied. Binary systems of particles
with differing field shape and all other properties identical
also show approximately linear increases in segregation as
acceleration is increased over the acceleration range studied.
Segregation occurs in conjunction with a decrease in mag-
netic energy, with the energy decrease being mostly due to
the actual segregation, rather than an evolution of the spatial
pattern.

The weak plastic construction of our particles prevents us
from probing the behavior of our systems at higher accelera-
tions; however, it seems likely that at high accelerations, the
input vibration energy would exceed the magnetic interaction
energy, and systems such as ours would remix. While we
expect the qualitative behavior of larger systems to be simi-
lar, the small size of the systems we studied makes it difficult
to obtain high-quality quantitative statistical results. Possible
future work includes studies of larger binary systems of mag-
netic particles, and using more sturdily constructed particles
that allow the investigation of higher accelerations.
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